A GENERALIZATION OF BERNSTEIN’S THEOREM AND
A DIFFERENTIAL INVERSION FORMULA

BY
W. J. STUDDEN()

1. Introduction. A function ¢(¢) defined on (0, c0) which satisfies (— 1)"¢™(¢) =0
forall t>0and n=0, 1, ... is called completely monotonic on (0, o). The classical
theorem of Bernstein states that ¢(¢) is completely monotonic on (0, o) if and
only if ¢(¢) has a representation of the form

(L1) 8(t) = f Ce®du(x), 1> 0,

where u(x) a Borel measure on [0, c©). (See e.g. Widder [6].)

A considerable number of extensions and generalizations of the above result
have been given. After a suitable change of variable the integral transform (1.1)
can be written as a convolution on (—o0, o) and is a special case of a large class
of convolution transforms which can be inverted by means of a sequence of
differential operators. For the special case (1.1) this inversion reduces to

(1.2) Jim &1 (E)Mcﬁw(?} - 1)

nowo nlo\t

when du(x)=f(x) dx and mild conditions are imposed on f. The convolution
transforms are studied extensively in Hirschman and Widder [2].

Equation (1.1) is also a special case of representation theorems obtained by
Choquet [1] (see also Phelps [5] and references therein) for functions which are
alternating of order co. For such classes of functions it is shown that the extremal
functions are those for which ¢(z+s)=¢(s)¢(s) and that semigroup operations
play an important role. If we consider the convex set of completely monotonic
functions on (0, o) such that $(0+)=1 then the extreme points of this set are the
functions ¢,(t)=e~* for x=0. Various other extensions and numerous applica-
tions are available in the literature.

The purpose of this paper is to consider a class of generalized completely
monotonic functions on (0, o), defined in terms of certain differential inequalities

and to establish a representation theorem and an inversion formula analogous to
(1.1) and (1.2).
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The basic definitions and the theorems are stated in §2. §3 contains some pre-
liminary lemmas which may be of independent interest while the proofs of the
main theorems are contained in §4.

The author wishes to express his sincere thanks to Professor Samuel Karlin
for introducing him to the subject material of the paper. Thanks are also due to
Professor James W. Yackel for a number of helpful discussions and comments.

2. Definitions and statement of theorems. Let {w;(t)};2, be an infinite sequence
of functions which are positive on [0, o), each of class C*[0, o), and define a
sequence of differential operators

_4d /@ -
2.1) D,f(r) = &t Wity i=0,1,2,....
DEFINITION 1. A function ¢(¢) defined on (0, o) is called a ““generalized com-
pletely monotonic” function on (0, c0) (abbreviated GCM on (0, o)) with respect
to {wy(t)}2, provided 4(¢) is of class C® on (0, o) and satisfies the inequalities

22 ¢(t) 20 and (=1)"**DyD,_;--- Dog(t) 2 0

for all e (0, ), n=0,1,2,....

In a recent paper Karlin and Ziegler [4] (see also Karlin and Studden [3])
consider the class of generalized absolutely monotonic functions (GAM) on an
interval (a, b) defined by requiring that ¢(¢)=0 and D, D, _; - -- Dy¢(t) =0 for all
te(a, b)and n=0,1, 2, .... Introducing the special functions

wl®) = wet) [ wie) [M e [T wed - dts

n=0,1,...,t€|a,b],

they show, under mild assumptions on the sequence {wy(¢)}, that each GAM
function ¢ on (a, b) has a representation

@3) B(1) = i @t (t),  1e(a,b),
where

plt) = 20 ) = i) = 2o g
The function u,(¢) is the unique solution of the (n+ 1)th order differential equation
D,D,_, --- Dyu=0subject to the boundary conditions u®(a@)=0, i=0, 1,...,n—1,
and u™(a)=TTr-, wi(a). The representation (2.3) corresponds to an expansion of
#(¢) about a finite point in terms of {u,} while the representation (1.1) and the
analog we shall obtain below in (2.9) correspond to expansions at co. It should be
noted here and in the following that the classical situation corresponds to the
special choice wi(t)=1, i=0,1,.... In this case D,_;--- Dod(t)=¢"(t) and
u,(t)=@—a)"n.
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We shall have need of an alternate definition of the convex cone of GCM
functions which is expressed in terms of certain determinant inequalities.

DErFINITION 2. A function ¢ defined on (0, o) belongs to «(uo, #;, . . ., u,) and
is called convex with respect to u, u,, . . ., u, if for every set of n+2 points {t}}+2
satisfying 0<#; <t,< - - - <t,, 5 the determinant inequality

u(ty) -+ uo(tnsz)
w(ty) - u(taya)

2.4 (=Drr| =20
un(tl) e un(tn+ 2)
¢(t) 0 H(tas2)

prevails.

Consider the intersection cone
@5) € =t [ () Ko, )],

where «* denotes the cone of continuous nonnegative functions on (0, ©). It is
proved in Karlin and Studden [3] (see also Karlin and Ziegler [4]) that the convex
cone € coincides with the class of GCM functions. Note that when w,(t)=1 the
cones «(1) and «(1,t) correspond to the nonincreasing and convex functions
respectively.

Throughout the entire paper we shall assume that the sequence {w(t)}2, is
such that there exists a function f(¢) defined on [0, o0) such that

1. 0<f(t)<1, t €0, 0),

2. 1—-f(t)sw(t)S1+f(2),t€ [0, 0),i=1,2,...,

3. lim,, , f(2)=0,

4. [7 f(r)dt<oo.
We assume further that wo(t)=1 otherwise we would replace ¢ by ¢/w,. These
assumptions state that the functions wy(¢) are asymptotically one at =00 in a rather
strong sense.

Let

¥ (- X Zn da <<
g TGO = ft wi(£s) L Wa—1(En_t) - ft wi(E) dé, - db,  0StSx,

=0, t>x
and ¥o(z; x)=1 for t< x and 0 for ¢> x. The analog of e~** for the GCM functions
is
2.7 Y(t; x) = e~ P(t; x)[P(0; x), 0<t<o, 0=5x<o,
where
@8) PO3) = 1+ om0 S p e, (5 8)
t k=1

and fi(H)=w(§)-1,k=1,2,....
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THEOREM 1. Under the assumptions 1-4, a function ¢(t) defined on (0, 0) is a
GCM function if and only if $(t) possesses a representation of the form

29) b0 = [ ¥GD A, re@ )
1]
where p is a Borel measure on [0, o).

We note that in the situation where w,(t)=1+g(t), k=1, 2, ..., for some fixed
function g the expression (2.7) reduces to

W(t; x) = exp {—x(t+G(2))}

where G(t)= [, g(¢) d¢. The expression (2.9) in this case may be derived directly
from (1.1). '

In order to state the analog of (1.2) we introduce the operators L, defined, at
least on GCM functions, by

2.10)  (L.$)(t) = (= 1)"+*P(0, z);’;(?) D, Dot (;) t> 0.

THEOREM 2. Suppose that for a given measure p on [0, 00) the integral

@11) 80 = 050 duo)

* ]

n!

converges for all t=ay20 and that a and b are continuity points of p. Then under
assumptions 1-4

2.12) lim [ " (L) dt = pl(a, b)).

Theorem 2 immediately implies that the measure u corresponding to each GCM
function ¢(¢) is unique. We shall prove the representation in Theorem 1 first for
the case where ¢(0+) <o and then extend the result using Theorem 2. The more
precise analog to (1.2) is given below under conditions which are clearly stronger
than necessary.

THEOREM 3. If
@2.13) (1) = f V(15 0)f (%) dx.
0
where f(x) is bounded and continuous on [0, o) then

lim Lg(r) = (1), 1> 0.

With the aid of Theorems 1 and 2 the following result is immediate.

THEOREM 4. Let K denote the convex set of GCM functions for which ¢(0+)=1.
Then the extreme points of K are the functions ¢,(t)="(t; x), x=0. (The extremal
rays of the cone of GCM functions are rays {A$,(t) | A=0}.)

Note that the set K consists of those GCM functions for which [§’ du=1 and
the representation (2.9) is an extreme point representation.
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3. Preliminary lemmas.
LemMMA 1. Under assumptions 1-4

(3.1 (E—t—=F(O+F@)lk! < Yi(t; §) < (E—t+F(H)—F())[k!
and
(3.2) exp {—x[F(c0)—F(1)]} = P(¢; x) < exp {x[F(c0)— F(2)]}.

Proof. The bounds in equation (3.1) follow from assumption 2. To verify (3.2)
we apply (3.1) to obtain

P(:3) S 1+ [ e0x/(8) exp {x(¢—0) + ()~ FO)D d¢
= exp {x[F(0)—F(1)]}-
The left side of (3.2) follows similarly.
LEMMA 2. Under assumptions 1-4
(33)  Du--- Do¥(t; x) = (=x)" twypa(t)e”*Po(t; x)[P(0; x), 1, x€ [0, 0),

where the above derivatives are taken with respect to the t variable and

G4 PN = Lk e S O £ de
k=1
and
Wi_a(t; €;n)

3~5 ¢ ek-l {2
@3 = J: Wh i i(€e-1) J; Wopi-1(-2) J‘t Wnyo(€) dEy - - dEy_ 1.

Proof. Since the differentiation is on the ¢ variable the factor P(0; x) plays no

role. The validity of (3.3) is proven by induction. Since we have assumed wy(t)=1
d © [ L

Dole=P(t; 0) = g [e+x [T e @ de+ [ et 3 A@Funa(ri ]
x k=2

Note that d¥,(¢, §)/dt=—w,(t)¥_1(t; €; 1) and that differentiation past the
integral and sum are readily justified on the basis of Lemma 1. Therefore

Doe™P(t; ¥) = —xe~*=xe= () -my() [ e S ST ot + 65 1) de

k=2

—xm(@)est [ e S s OFar(t; £ 1) a]

k=1

= —xwy(t)e~*Py(t; x).

The induction step is clear from the above considerations.
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REMARK. On the basis of (3.3) it can be established that the functions ¥(z; x)
have an expansion as in (2.3) where we take a=0. That is,

Y(t;x) =1+ Z (=1)rx" },(6(0 )x 0

LemMMA 3. For x>t=0

6o  wmn=SD Z [t 0 G e
and for n/|x>t=0

o () = (G-o) w1+ 3 [ A0% 0 e

. _’ié—__‘)]""' :

[l n—xt d
Proof. Equation (3.7) follows readily from (3.6) while (3.7) is: proven by induc-

tion. The case n=1 is immediate. Assuming (3.7) true for n we then have

¥, x) = f " W (¥t ) iy
- f Tt dnt [ St )

- [ e > [rowe 09 OO dt| i

+ [ fus ¥t m) i

The term (y—¢)" can be integrated directly. For the » terms in the sum we inter-

change the order of integration on ¢ and » and integrate the term (5
thus have

— 6"k We

Yol 9 = T+ 2, [T aeve 0 Gy

(n+1-k)! ¢
which completes the induction.

LeMMA 4. Under the assumptions 1-4 the functions

3.9) Q,(t; x) : ;Pn(t; n/x)['¥ (0, n/x),

converge uniformly in x to ¥(t; x) for fixed t=0

n = tx,
n < tx,

Proof. Applying Lemma 9.2, p. 437 of Karlin and Studden [3] with k=2 we
find that the functions ®,(¢; x) are nonincreasing in x. If lim,, _, o,

Q. (t; x)=Y(; x)
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the uniformity will follow since it is easily seen that the limit function ¥'(¢; x) is
continuous in Xx.

Considering equation (3.7) we note that the ratio of the terms (n/x—¢)*/n!
and (n/x)*/n! converges to e~**. It thus suffices to show that

n—xt

69 [T 3 0¥ 0 ey [ | e

converges for =0 to

(3.10) [[emen 3 w0t 9.t

The integrand f,(¢) in equation (3.9) has the bound

nx x(F(0)— F(t)))" -1 <
£:® s 725 (142822 Vs < creg)
and [ f(£) dé <co. By the Lebesgue dominated convergence theorem it suffices to
show that the integrands converge for fixed £, x and . We now write the integrand
as Y- ay(k) where

al) = HFO¥enrlts © e [\ -] mzk

T n—xt
=0, n< k.

The term n!/(n— xt)¥(n—k)! is uniformly bounded in k so that
lan(k)| = Cx*f(OI¢— 1)+ F(E)—fOF(k—1)!

which is summable. Appealing again to the Lebesgue dominated convergence
theorem the result follows since

lim _n 1
nsw (R—xt)i(n—k)!

and

n- n—xt

4. Proofs of theorems.

Proof of Theorem 2. If the measure p is such that [ W(; x) du(x) < oo for all
t>0, then on the basis of the inequality (3.2) we have

— n-k
lim [l—(f—t) = e~ *®-b,

> [ W00 dutx) 2 [7 exp {=xtr+ 2P @) )

so that

7)) f e du(x) < 0, A > 2F(c).
0
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In this case
4.2) fw x"*le~4% du(x) < oo for all nand 4 > 2F(c0).
V]

Now by Lemma 2

(=1)*+1D, - - - Do¥(t; %) = x™* W, 1(t)e~*Pu(t; X)/P(0, x)
S Wnpa()x*+* exp {—x[t—2F(c0)]}.

Therefore

43) Dy Dob(t) = [ Dy Do¥(t: %) dut)

at least for #>4F(c0). We then have that

(4.4) Ld(t) = fo " LY(t; %) du(x) for nft > 4F(c0)
where

@9 L¥ED) = w ()R x) PGS B e

To complete the proof of Theorem 2 it suffices to show that if g,(x)= [} L,¥(z; x) dt
then

@.6) 8() S 86 where [~ g(x) du(x) < o0
and
@7 lim g,() =1,  xe(ab)

=0, x¢(ab).
Using the bounds from Lemma 1 we observe that for ¢ € [a, b]

(1—f(n/b)) exp {—x[F(c0) = F(n[b)]} < Wy 1(n[t)Py(n]t; x)
£ (1+f(n/b)) exp {—x[F(c0) — F(n/b)]}.
Moreover the function

(nx)n+ 1e-nxlt

hn(t; x) = ey

is a density function on (0, c0) with mean x and variance x%/(n— 1), i.e.

f ht; %) dt = 1, fwth,,(t;x)dt=x
0 0

and

V2R (1 _ X
fo (t=xho(t; %) dt =
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Since P(0; t) is bounded and continuous on [a, b] equation (4.7) follows.
To verify (4.6) we again use Lemma 1 and the expression for L,¥'(¢; x) in (4.5)
to obtain

@8) g = (1 + f(g)) exp {bF(c0)} exp (x[3F(0)] fb hat; ) dt.
Since [¢ e~4* du(x) < oo for 4 >2F(c0) it suffices to show that
4.9 J.b h,(t; x) dt £ K, exp {—K,x} where K, > 5F(c0).

We note that [° h,(¢; x) dt=1 for all x so that it suffices to obtain (4.9) for x greater
than some number which is independent of n. Now

b b n+1,—-nx/t nxla ,n,—2
f h,.(t;x)dx=f(—”i‘l—e—dz=f e’ i
a

o« 1" axp N
nxla n,—2/2 © n,-2/2
< e—nxlzbf ze dz < e-—nx/%f ze dz
nx/b n. 0 n!

= g ™¥20Qn+1 = 2 exp {—nx/2b+nlog 2}.
The exponent is decreasing in n whenever x >2b log 2. Therefore
b
J ho(t; x) dx < 2 exp {n, log 2} exp {—nox/2b}

provided n=n, and x> 2b log 2. Choosing n, such that n,>2b(5F(c0)) completes
the proof.

Proof of Theorem 3. The proof here proceeds similar to Theorem 2. On the
basis of (4.3) we have

L) = [ LYt 9f(x)dx for njt > 4F(w),

vO0
where
Coy n n, P@O; t)n+1 .
4.10) L3(53) = o (7)Po(F: %) g o 8050
and g,(x; t)=nh,(¢; x)/(n+1). The function g,(x; t) =0 satisfies

J‘w g,.(X; t) dx =1, on xgn(X; t) dx = (’ﬁ)t = lny
0 0 n

ot) = [ - Pt 1) v = 12 D
0
Proceeding essentially as in Theorem 2 we write

Ld(t) = f LY (t; %)f(x) dx

- f. L@@+ [ LS dx

x—ta| 2€
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Considering the integral over |x—t,|<e we observe in (4.10) that the term
Wai1(n/t)P,(n/t; x)(n+1)/n can be made uniformly close to one. Since [P(0; x)]~1f(x)
is bounded and continuous on |x—t,| < ¢ it follows that the first integral approaches
f(#). To verify that the second integral converges to zero we note that

LY(t; x)f(x) £ (n+DWns1(n/1)P(0; 1)Bet*gu(x, t)[n

where SuUpo<.so f(X)<B and A2 [2F(c0)— F(nft)]. An argument similar to the
above readily shows that

lim e‘*g (x,t)dx = 0.

no Jix—t,|2e

Proof of Theorem 1. We shall first establish the representation in Theorem 1
for those GCM functions such that $(0+) <co. Once this has been established we
can extend the result by noting first that ¢(#)=¢(t+¢) for e>0 has $(0) <o and
is contained in the cone generated by the system {w,(t+¢)};2,. In this case

© L Pt; x)
— xt [ 9
@4.11) $(t+e) = fo e~ P din(3)
where P(t; x) is defined as in (2.8) using the system {w;(¢ +¢)}. A change of variable
shows that
Pt 0) = 1+ [ 00 S wf @, (e €) de.
t+e k=1

It then follows from (4.11) that

(1) = f " W(t; %) dog(x) fort e
where
dvy(x) = €*P(0; x)/P(e; x) dps().

However by Theorem 2 the measure corresponding to any ¢ is unique so that
dv,=dpu is independent of ¢ and hence

$(t) = j: W(t; %) du().

We now consider the case where ¢ is a GCM function such that ¢(0+)<co.
We shall assume without loss of generality that $(0+)=1. The case ¢(0+)=0 is
trivial since ¢ is nonincreasing and hence identically zero.

Appealing to [3, p. 387] or by repeated integration by parts we find that for
O<t<c

@12 HO-40 = [ Ht: 06, b det 3 W50 T

wi(c)

where

(4.13) Gid(c) = (=1)*Dy_y--- Doglc), k=1,2,....
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We first show that the k terms in the sum on the right side vanish as ¢ — co. Since
G.¢(x)/w,(x) is nonnegative and nonincreasing on (0, c0) we have

GO (2 [* G
wi(e) T ¢ Jes Wk(x)

2 f Gub()dx (0 <m= min [1-f(1)
_2 [Gk 19(¢/2) G- 1¢(C)]

cm | Wi 1(c / 2) Wi l(c)

<2 Gi-19(c/2)
= em wy_1(c[2)

<4 s)- )

where A, is independent of ¢. The above inequality together with the fact that
(25 ¢) £ (c+ F(0))*[k!

implies that

li Gk¢( )\I,"k(t; c) = O’ k = 1, 2, ceey
e Wil(C)

since lim,_, ,, $(c/2¥)=¢(c0) exists.
The representation (4.12) thus reduces to

HO—9@) = [ ¥t DG 16(x) d

f ‘I’n(((; xg Y0 (0; X)Gry 14(x) dx

MW n)0)
=)o ‘I'—(o ) )

where
dl"’n(x) = (n/ xz)‘Fn(O; n/ X)G 1 19(x) dx.

The measures y,(x) are uniformly bounded since [, du(x) < $(0+)—$(c0). By the

Helly theorem we select a subsequence p,, converging to p*. By Lemma 4 the
functions

Q,(t; x) = Ya(t; n[x)[¥a(0; nfx), n 2z tx,
=0, n < tx,

converge uniformly to ¥(¢; x) for fixed ¢>0. Therefore

H0-4) = [ ¥ 0) dur).
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If we define p by adding mass ¢(co) to p* at x=0 we obtain the representation

#0) = [ ¥ ) duto).

Thus every GCM function possesses a representation of the form (2.9). To verify
the reverse implication we appeal to the alternate Definition 2 of the GCM
functions. On the basis of Theorem 4.2 on p. 400 of [3] the function ¢,(¢)
=W,(¢; n/x)[¥,(0; n/x) is contained in the cone «* N [(E-o (4o, - . ., 4;)] SO the
W(t; x) is a GCM function. If the integral (2.9) converges for >0 then the in-
equalities (2.4) are satisfied and ¢ is a GCM function.
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